Resolutions of Segre embeddings of projective spaces of any 

dimension 
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Abstract. This paper deals with syzygies of the ideals of the Segre embeddings. Let d > 3 and 
ni,...,n d 6 N — {0}. We prove that Opnix....xP"<i(l) — > 1) satisfies Green-Lazarsfeld's Property 
N p if and only if p < 3. 



1 Introduction 

Let L be a very ample line bundle on a smooth complex projective variety Y and let 
ipL : Y — > P(iJ °(Y,L)*) be the map associated to L. We recall the definition of Property 
N p of Green-Lazarsfeld, studied for the first time by Green in |Hj (see also 0): 
let Y be a smooth complex projective variety and let L be a very ample line bundle on Y 
defining an embedding ip^ : Y c — ► P = P(H°(Y,L)*); set S = S(L) = ® n Sym n H°(L), the 
homogeneous coordinate ring of the projective space P, and consider the graded S-module 
G = G(L) = ® n H°(Y, L n ); let E* 

^ El ^ El _ x — ► ... — > E — > G — > 

be a minimal graded free resolution of G; the line bundle L satisfies Property N p (p G 
iff 

E Q = S 

Ei = ®S{-i - 1) forl<i<p. 
(Thus L satisfies Property A^o iff Y C P(H°(L)*) is projectively normal; L satisfies Prop- 
erty N\ iff L satisfies Nq and the homogeneous ideal I of Y C P(H°(L)*) is generated 
by quadrics; L satisfies ./V2 iff L satisfies N\ and the module of syzygies among quadratic 
generators Qi S / is spanned by relations of the form J2EiQi = 0, where Li are linear 
polynomials; and so on.) 

In this paper we will consider the case of Segre embedding i.e. the case Y = P™ 1 x xP™ d , 

L = 0(1,...,1). 

Among the papers on syzygies of Segre- Verones embeddings we quote pQ, jH], ^Hl, [TT] . 

0. im- M- m- M- [ni- 

In the first one, the authors examined the cases in which the resolution is "pure" i.e. 
the minimal generators of each module of syzygies have the same degree. We quote the 
following results from the other papers: 
Case d = 1, i.e. the case of the Veronese embedding: 

Theorem 1 (Green) Let a be a positive integer. The line bundle Opn(a) satisfies 
Property N a+ \ . 
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Theorem 2 (Schenck-Smith,) [11]. Let a be a positive integer. The line bundle 0-p n (a) 
satisfies Property N a+ \ . 

The case 0(3) satisfies N± is also proved by Rubei in |16j . 

Theorem 3 ^Ottaviani-PaolettLj [13]. Ifn>2,a>3 and the bundle Opn(a) satisfies 
Property N p , then p < 3a — 3. 

Theorem 4 fJosefiak-Pragacz- Weymanj 111)1 . The bundle Op™ (2) satisfies Property 
N p if and only if p < 5 when n > 3 and for all p when n = 2. 

(See ^Hl for a more complete bibliography.) 
Case d = 2: 

Theorem 5 (Gallego-Purnapranja,) |?]/. Let a,b > 2. The line bundle Opi xP i(a, b) 
satisfies Property N p if and only if p < 2a + 2b — 3. 

Theorem 6 (Xascoux-Pragacz- Weymannj 110[ . \14j - Letn\,ri2 > 2. The line bundle 
(1,1) satisfies Property N p if and only if p < 3. 

As to the case d > 3, in we proved 

Theorem 7 (TlubeiJ . Let d > 3. The line bundle Opi x x pi(l,...,l) (d times) satisfies 
Property N p if and only if p < 3. 

Here we prove 

Theorem 8 . Let d > 3 and n\, n& € N — {0}. The line bundle Op^i x ...xP n <i(l) ■■■■> 1) 
satisfies Property N p if and only if p < 3. 

To prove it we use Theorem [7J As in the proof of it, we use a topological approach, but 
the problems that arise in proving Theorem |H1 are more similiar to the problems that arise 
if we try to solve the open problem of the syzygies of the Veronese embeddings. 

2 A preliminary proposition 

Proposition 9 . Let d > 3 and m, ■■■,nd € N with rtj > p for some i. The line bundle 
0P"ix...xP"d(l, 1) satisfies N p if and only if Opn lx xP n i _ lx -p PxP n i+lx xF n d (l, ... , 1) 
satisfies N p . 

Proof. Let L be a very ample line bundle on a smooth complex projective variety Y. We 
recall from j^l that L satisfies N p iff 

(Tor^ L \G(L),C)) p+q = > 2 

S(L) 

(see Introduction for the notation) and (Tor p (G(L),C)) p+q is equal to the homology 
of the Koszul complex 

A P+1 H°(L) H Q (L q - 1 ) -» A p H°(L) ® H°(L q ) -» A^H^L) ® H°{L q+1 ) 
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Now let Y = P(Vi) x .... x P(V d ) and L = 0(1, 1). In our case (Tor p (L) (G(L), C)) p+q 
is equal to the homology of 



A p+1 (V! ® .... (g> V d ) <8 Sym^-^Fi ® ® Sym^- 1 )^ 

(*Vi,...,v d ) A p (Vi <8 .... ® Vd) <8 %m«Vi ® (g) Sym q V d ; 

A^^Vi «) .... «) Vi) (8 5ym(« +1 )Fi ® <8 Sym^V d 



V 1 X....XV d 



v 2 X — X i 
*p-l,qr+l 



S(L) 

since the maps are GL(Vi)-invariant, (Tor p (G(L), C)) p+q is a GL(Vj)-module, see Rem. 
of §2 of 8 and Prop. 1.8 |13| . The Young diagrams of the irreducible subrepresentations 

of the GL(Vi)-module A p (Vi (8> .... <S> V d ) ® Sym q V\ (8 (8 Sym q V d have at most p + 1 rows 

(see for instance p. 80 jH]). Thus the Young diagrams of the irreducible subrepresentation of 
(Tor p ( L \G(L), C)) p+q have at most p + 1 rows and one can easily prove that these Young 
diagrams are the same for V\, V d and for V%, Vj_i, V/, Vffi, with dimV- = p+1 
(by considering an injective map V( — > Vj and the induced commutative diagram with 
second row (*Vi v d ) and first row (*y li ..„ i y j _ lj y/ t y i+1) ... ) v r d ) seeing every term of the two 
rows as Gl(Vi) and GL(V?) representations respectively). 

S( L) 

Thus, since the Young diagrams of the irreducible subrepresentations of (Tor p (G(L), C)) p+q 
have at most p+1 rows, we have that if these representations are zero for dim(Vi) = p+1 
they are zero also for dim(Vi) > p + 1- 

□ 



3 Recalls on syzygies of toric ideals and on syzygies on the 
product of two varieties 

We recall some facts on toric ideals from ^Jj. Let k € N. Let A = {a\, ...,a m } C Z fc . 
The toric ideal I a is defined as the ideal in C[xi, x m ] generated as vector space by the 
binomials 

for (u l3 -,%), {vi, -,v m ) e N m , with T,i=i,..., m u i a i = T,i=i,..., m ^i- 

We have that Xa is homogeneous iff 3 u> G Q k s.t. u; • o» = 1 Vi = 1, ...,m; the rings 

C[xi, x m ] and C[xi, x m ]/2yi are multigraded by N^4 via degXj = a^; the element 

x" 1 ...x%p has multidegree 6 = YU u i a i £ and degree J2i u i = b'^'i we define deg b = b-uj. 

For each b G Nj4, let be the simplicial complex (see |18| ) on the set A defined as 

follows: 

A,, = {{F)\ F C A : b - £ a G N.4} 

aG-F 

The following theorem studies the syzygies of the ideal I a] it was proved by Campillo and 
Marijuan for k = 1 in [2] and by Campillo and Pison for general k and j = in the 
following more general statement is due to Sturmfels (Theorem 12.12 p. 120 in |19j^. 

Theorem 10 (see [TJ2], jljj. Let A = {ai,...,a m } C N fe and 1a be the associated 
toric ideal. Let — > E? n — ► ... — > Si — > £7q — > G — > 6e a minimal free resolution 
of G = C[xi, x m ]/lA on C[x\, x m ]. Each of the generators of Ej has a unique 
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multidegree. The number of the generators of multidegree b £ TSSA of Ej + \ equals the rank 
of the j-th reduced homology group Hj(At>, C). 

Finally we recall the following proposition proved in ^2] 

Proposition 11 (Tiubeij . Let X and Y be two projective varieties and let L be a line 
bundle on X and M a line bundle on Y . Let ttx :IxF-tI and ny '■ X x Y — > Y be 
the canonical projections. Suppose L and M satisfy Property N\. Let p > 2. If L does 
not satisfy Property N p , then n\L (g) tt y M does not satisfy Property N p , either. 



Notation 12 • homologous means homologous in the reduced homology. 

• ~yi means homologous in A, i.e. 7 7' means that 3 (3 chain in A s.t. d(5 = 7 — 7'. 

• Ci denotes the i-th element of the canonical basis o/R™. 

• The symbol * denotes the joining. 

• For any v £ R™ Vi denotes the i-th coordinate, that is the lower index denotes the 
coordinate. 



If we take A = A nii ... >nd = {(2?, x" 1 , , x° d , x n /)\ T,j=i,..., ni x \ = 1 A ^ N }> we 

have that Xj^ „ d is the ideal of the embedding of P" 1 x ... x P™ d by 0(1, 1). In this 



Let b G N^4 m ... n .; we have that deg6 = (= b ■ uS) = k iff b is the sum of k (not necessarily 
distinct) elements of An,...,n d > Observe that a simplex S with vertices in A nij ... jnd is a 
simplex of A5 iff the sum s of the vertices of S is s.t. < b% Vi = 1, ....,n + 1. We 
generalize the definition of the simplicial complex in §3 in the following way: 

Notation 13 Let v G N™ +1 . Let A v be the following simplicial complex: a simplex S 
with vertices in A nit ^^ nd is a simplex of A v iff the sum s of the vertices of S is s.t. Sj < V{ 
Vi = 1, n + 1. 

The main points of the proof of the Thm. Elare Propositions 1151 and 1161 

Notation 14 Let d,n±, € N — {0} and b £ ~NA ni ... nd . Let Xf, be the following 
simplicial complex on vl n i,...,n d -' 



(in the obvious sense that a simplex with vertices in A nit ... tUd is a simplex of Xf, iff it is a 
simplex of A b - kei+ke . 2 for some k € {0, ...,bx}) 

Proposition 15 Let d, n\, ...n<i,p £ N — {0}. Let b £ N^4 m ... nd with deg(b) >p + 2. Let 
7 be a (p — l)-cycle in Aj,. If the following conditions hold 

a) _frp_ 3 (A c _ ei ) = Vc £ NAn u _ t n d with deg(c) > p + 1 ifp>3 

b) Opni x . ...xP n d(l> 1) satisfies Property iV p _i, 



4 Proof of Theorem [HI 



case w = = ^(1 



1). 




4 



then 37' cycle in A / \ si. 7 7'- 
61 + 6 2 * 

V : 

Proposition 16 Let d,ni,...rid G N — {0} and p G {2,3}. Let 6 G N^4 niv .. jnd urat/i 
deg(b) > p + 2. Let j be a (p — 1)- cycle in A&. 1/7 i/ien 7 ~a 6 0. 

Lemma 17 Let d,n±, ...,nd G N — {0} and c € NA nij ... jnd u>i£/i deg(c) > 4. TTien 
ff (A c _ ei ) = Vi. 

We show now how Thm. |H1 follows from Propositions El an d El and Lemma 1171 

Proof of Thm. By Prop. El to prove Op«i x ... x p™d(l, •••> 1) satisfies ./V3, it is sufficient to 
prove our statement when < 3 Vi. We prove the statement by induction on J2i n i] the 
first step of induction is given by Thm. By Thm. El the bundle Q-p n i x ... x p n d(l, 1) 
satisfies N p iff H g -i(Ab) = Mb G N4 nii ,„ ind with degfr > g + 2 Vg < p; in particular, in 
order to prove that it satisfies N3, we have to prove that £f p _i(Ab) = V6 G NA ni) ,„ >rid 
with deg b > p + 2 for p = 2, 3. 

We show that fWJ ifOp^ 1 x ... x pn d (1, 1) satisfies N p -i then iJ p _i(A(,) = V6 G lSL4 nij ... jnd 
wii/i deg 6 > p + 2 /or p G {2,3}. Let 6 G NA ni) ... )nd with dep(o) > p + 2, p G {2,3}. 
Let 7 be a (p — l)-cycle in A;,. We want to prove 7 ~a 6 0. By Prop. El ^7' cycle in 

A / \ s.t. 7 7' (the assumption of Prop. El m our case is true by LemmaEland 

'61 + 62 

i>3 



V : 

by our assumption in (★)). We have Lf p _i(A / \ ) = H p -i(A / bl 



0, where the 



bl + 62 
63 



V : 

last equality holds since 0-p ni -i xP n 2 x .... x p"d (1, - --A) satisfies N p by induction hypothesis. 
Thus 7' ~ in A / \ • Thus 7 ~x 6 and then 7 ~a 6 by Prop. El 



61 + b 2 
63 



V : 

Since Op»i x .... x p™d (1, 1) satisfies Ni then, by (*), it satisfies N2 and by applying again 
(*) we get that it satisfies also N3. 

Finally by Theorem and Proposition ^2 we know that 0p«i x .... x p™d (1, 1) does not 
satisfy JV4 if there is raj > 2. If rij = 1 Vi then we already know the result from Theorem 
□ □ 



Now we will prove Propositions 1151 and 1161 and Lemma IT71 
Notation 18 Let b G NA ni) ... jn . Let j be a (p — 1)- cycle in X^. 

For every vertex a in 7, Zet <S Q)7 6e i/ie set of simplexes of 7 with vertex a and fj, a ^ be the 
(p - 2)-cycle s.t. a * p a , 7 = Eres a , 7 T ■ For a € Au,...,n d) ^ 

a fl ,a, 7 = (a - a) * ^ 0)7 
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Proof of Prop. \15l We order in some way the (finite) vertices of 7 with first coordinate 

/ \ 

/ al + a,* \ 

7^0: a , ...,a r . Let a? = 



-"2 "1 

4 



for j = 1, ...,r. 

V : ) 

Obviously a a i gi 7 ~x b 0, because // a i i7 is in A b _ a i and if p _i((a 1 — a 1 ) * A & _ a i) = 
ifp__2(A;,__ a i) = (since Opn lx ....xP"<i(l) 1) satisfies Property iVp_i). Thus 71 := 
7 + a 1 1 is homologous to 7 in X b . 



We define by induction 7j := 7j-i + a 



^ for j = 2, r. We want to prove 7 r ~x 6 0; 



to prove this, we prove a aJ ~ jr ^ i ~x b for j = 2, r. 



Observe that [i a j ^ _ 1 is in 



A 6 _ a3 U A 



U....UA 

(6 - a J) 2 + 1 
(6-^)3 



/ 



(b-a') 3 



V 



We can find some cycles # e in A b _ aJ -_ eei+ee2 for e € {0, ...,(6 — a 3 )\\ s.t. /x a i >7 ._ 1 = 
S £ e{o,...,(b-a^)i} i n f ac t : if P = 2 the statement is obvious; let p > 3; let o"o be the 
sum of the simplexes of [i a j aj _ 1 in A b _ a j and not in A b _ aJ _ ei ; dao is in A 6 _ aJ _ ei and 

since H p -z(A c - ei ) = Vc with deg(c) > p + 1 then 3<t in A 6 _ aJ _ ei s.t. da' = dao; let 
#0 = co - cr ; now AM 



•7i-l 



A 



?o is m 

_ i)j _ a U •••• U A / 

(i)-a J ') 2 + l\ / (b - + (6 - a 1 ) 2 

(b-J) 3 j (b-a 3 ) 3 



y m 



V 

and we can go on analogously: let o~\ be the sum of the simplexes of fi : 

A b-ai-e 1+ e 2 and n Ot m A b _ a3 -_ 2ei . . .. 

Since degib — a 3 — ee\ + ee<2) > P + 1 and Op»i x ....xP n d (1> • 1) satisfies iV p _i we have 
Hp-2(A b _ aj _ £ei+£e2 ) = thus 6 £ ~ in A b _ aJ _ eei+£e2 and then (o* - a-?) * e ~x b 0; 



therefore a„., , ~x b 0. 



a? ,a-? ,7j_ 1 

Thus we can define 7' = 7 r : 7' is in A / \ and 7' 

' h + i> 2 » 



V 



□ 



Proof of Lemma \17\ Let P, Q £ A c _ e4 . Then we can find s € NA nij ... jnd with deg(s) > 3 
s.t. Sj < Cj Mi and P,Q £ A s ; since Op»i x . ... x p«d (1, 1) satisfies Property Ni we have 
that Hq(A s ); thus there is a 1-cycle rj in A s and then in A c _ ei s.t. drj = P — Q. □ 

Now we will prove Prop. 1161 

Definition 19 Let d, m, n^, /c e N — {0} and (3 € NA„ lv .. ind . PFe say that a (k — 1)- 
c/iain i] in A/3 is a UFO with axis (a 1 , a 4 } for the coordinate i (for short we will write 
XJFOl k {a\...,a\Ap))if 

n = (a 1 , ...,a*) * Crj 
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for some (k — t — \)-cycle C r] and a 1 , ...,a* are distinct vertices in Ap with 

(a 1 + ... + a*)i = (3i (a j )i > V j = 1, Z 

We will denote the axis (a 1 ,..., a') by Xrj- Observe drj C Ap_ e .. 
(Sometimes we will omit some index when it will be obvious.) 



Fig.2 How a UFt^a,, a) looks like . C^is in boldfact 

Lemma 20 "UFO p+1>p+1 , TJFO p , p+1 , UF0 ljP+1 " Let d, rii, ...n d ,p G N - {0} and 
r, I G {1, ■■■,J2i=i d(ni + \)} with r ^ I . Let (3 €.NA nijm „ jTld vrith deg (3 > p + 2. Let n be 
aUFOl p+l {a\.:; a \^). 

Ift€{p+ l,p, 1} then 3fj p-chain in Ap +ei - er with dfj = drj. 

Proof. Case t = p + 1 Since deg (3 > p + 2 and rj is a simplex with p + 1 vertices (the 
simplex (a 1 , ...,a p+1 }), then zb G Aii,...,^ s.t. x * r/ C A^. Since (a 1 + ... + a p+1 ) r = {3 r 
then x r = 0. Take fj := x * drf. 

Case t = p If deg/3 > p + 3 then deg(/3 — a 1 ... - a p ) > 3, therefore fl" (A i g_ o i..._ a p) = 0, 
thus 37 s.t. 97 = and we can take fj = 7 * c^Xjy- 

Thus we can suppose deg/3 = p + 2. Since C v is a 0-cycle it is sufficient to prove the 
statement when C v = P — Q for some P,Q G ^4 m ,...,n d with P = Q + ei — ej for some i 
and j (in fact we can write as 2^s( — l) s -fs with P s +i obtained from P s by adding 1 to 
a coordinate and subtracting 1 to another coordinate). Let x = j3 — a 1 ... — a p — P and 
y = (3 — a 1 ... — a p — Q. Since (a 1 + ... + a p ) r = (3 r we have x r = y r = 0. 
Suppose first i,j $ {l,r}. Let z = x + e\ — ej. The chain fj = z * drj is in Ap +ei - er and 
dfj = drj. 

Suppose now j {I, r} and i = I. Then fj := x * drj is in Ap +ei _ Cr and dfj = drj. 

Case t = 1 Let a 1 = a 1 + e\ — e r ; take fj = a 1 * C v . □ 

Lemma 21 LeZ d, ni, n d ,p G N — {0} and r G {1, X)i=i d( n « + 1)} -^ e * G 
N^4 nii ... ;nd and deg/3 > p + 2. ZeZ rj be a UFOl p+1 (a 1 , a t , Ap). If C v = da where 
a is a simplex (with p + 2 — t vertices) in A /3 _ a i_ _ a t, then 3fj p-chain in Ap_ er with 
dfj = drj. 

Proof. Since V = Xv * C v = Xr) * ® a i then drj = d\ri * da = d(dx v * &). Take fj = d\ri * o- 

□ 

Lemma 22 "UF0 2 ,4" Let d,rai, ...,n d ,p G N - {0}. Let /3 G NA niv .. jrid with deg/? > 5. 
Let rj be a UFO^^a 1 , a 2 , Ap). If n\ < 3 i/ien 3ry 3-chain in Ap +ei _ e2 with dfj = drj. 
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Proof. Observe C v is a 1-cycle and obviously (3 2 = 2. 

• Case where at least one of the first m + 1 coordinates of (3 except the second one is > 2, 
say Pi > 2. 

By Lemma I2T1 we can substitute a simplex of C v , (T\,T 2 ) with (Ti,P) + (P, Pi) where 
P is s.t. (P, T\,T 2 ) * (a 1 , a 2 } C A^ and then we can suppose C v is in Aa_ a i_ a 2_ e . (if 
(Ti + T%)i = (J3 — a 1 — a 2 )i we can replace (Ti,T 2 ) with (Ti,P) + (P, Pi) where P is s.t. 
(P, T lt T 2 ) * (a\ a 2 ) C A^). Thus n is A^ ev 

Let A := (a 2 , a 1 ) * C v , where a 1 = a 1 — e 2 + e\\ A is in A j g_ e2+ei ; thus is homologous 
to 9(r/ + A) in A ( g_ e2+ei ; but d{n + A) = (a 1 — a 1 ) * C v = (a 1 — a 2 + a 2 — a 1 ) * C,, = 
^(((a 1 , a 2 ) + (a 2 , a 1 ))*^) where a 2 = a 2 — e2+e«; since ((a , a 2 ) + (a 2 , a 1 ))*^ C A l g_ e2 4- ei , 
we conclude. 

• Case where the first m + 1 coordinates of [3 except the second one are < 1. 

In this case, since m < 2> and deg{(3) > 5, we have that all the first m + 1 coordinates 
except the second one are equal to 1 (and m = 2> and deg{j3) = 5). 

Let A := (a 2 , a 1 ) * C v , where a 1 = a 1 — e 2 + e\\ A is in A | g_ e2+ei ; thus dn is homologous 
to d(n + A) in Ap- e2 + ei \ but d(n + A) = (a 1 — a 1 ) * C v = (a 1 — a 2 + a 2 — a 1 ) * C v = 
d(((a 1 ,a 2 ) + (a 2 , a 1 )) * C v ) where a 2 = a 2 — e 2 + e\. 

If every vertex of C n has first coordinate 0, then r\ C A^_ ei and ((a , a 2 ) + (a 2 , a 1 )) * C 
A^_ e2+ei and then we conclude. 

Suppose there is a vertex V of with first coordinate equal to 1 (observe that then, 
if (P, V) is a simplex in C„, then Pi = 0); then the simplexes of (a 1 , a 2 ) + (a 2 , a 1 )) * 
C v not in Ap_ e2+ei (which are the simplexes of (a 2 , a 1 ) * C v not in Ap_ e2+ei ) form 
UFO\ 4 (A^_2e 2 +2ei); thus by Lemma l20l Case t = p we can prove that ^(((a^a 2 ) + 
(a 2 , a 1 )) * C^) ~ in A ( g_ e2+ei and this finishes the proof. 

□ 

Corollary 23 Lei d, m, -, nd,p € N — {0} with m < 3 andp G {2, 3}. Let /? G N4 mi ,„ in(j 
and deg/3 > p + 2. If n is ap-chain in Ap with dn in Ap_ e2 , then 3ry p-chain in Ap +ei _ e2 
with dfj = dn. 

Proof. To prove the statement, is sufficient to prove it when n is a UF0 2 p+l for t = 
1, ...,p + 1, p € {2, 3} since n is a sum of UF0 2 p+1 for £ = 1, ...,p + 1 p S {2, 3}. Thus our 
statement follows from Lemmas 1201 and 1221 □ 

Proof of Prop. We will show that if 7 is a (jj — l)-cycle in A& with 7 = dn with 77 in 
A;, U Afe_ ei+e2 U ... U Af,_fcei+fce 2 f° r some k < b\, then we can construct rf in A5 U ... U 
A 6 _( fc _ 1 ) ei+ ( fc _ 1 )e 2 s.t. dn' = 7 (this, by induction on b\, implies obviously Prop. H6|) : 
let f be the sum of the simplexes of n in A&_fc ei+ fc e2 and not in A b _ kei+ ^ k _^ e2 ; dv is 
in A 6 _ fcei+(fc _ 1)e2 ; by Corollary HHI dv = dv' for some v' in A 6 _ (A ._ 1)ei+(fc _ 1)e2 let ?/ = 
7]-v + v';rf is in A 6 U ... U A 6 _ {A .^ 1)ei+ ( fc _ 1)e2 and dn' = dn = 7. □ 
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